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The complex interplay between order parameters of different nature that dominates the physics of co-
lossal magnetoresistance manganites is analysed from a symmetry based perspective. Phenomenological
energies are given for the different competing phases. It is shown that the general trends observed in
different systems, such as the mutual exclusion of orbital order and A-AFM order and the related sta-
bilization of the CE-AFM order, stem to large extend from the symmetry of the parameters involved. The
possible stabilization of complex phases where charge and orbital order coexist with magnetic and
ferroelectric states is also anticipated.
& 2016 Elsevier B.V. All rights reserved.1. Introduction
The phenomenon of colossal magnetoresistance in manganites
is generally seen as a result of the competition between various
order parameters of different nature (electronic, magnetic, and
structural). Under certain conditions, different order parameters
may arise in different temperature or ﬁeld ranges, giving rise to
well separate phases. That is the case, for instance, of the metallic
ferromagnetic phases stabilized by a dominant double-exchange
mechanism and strong Hund's rule coupling between mobile eg
electrons and localized t2g spins, or the antiferromagnetic insulator
sates observed in most undoped systems, in which the dominant
coupling occurs between the degenerate eg electrons and the
Jahn–Teller distortions of MnO6 octahedra [1–4]. In many cases,
however, several primary magnetic or structural order parameters
may coexist in a single phase [5–7]. That is typically the case in the
half-doped compounds R1-xAxMnO3 with x¼1/2, (here Re is a
3þrare earth metal ion and A a 2þalkaline earth metal ion),
where the phase transitions observed may involve combined
changes in magnetic, charge and orbital order states.
The mechanisms of coupling between several order parameters
and its consequences are, in general, difﬁcult to grasp directly from
a microscopic level. The very notion of an order parameter stems
from a macroscopic description [8], and it is closely related to the
notion of symmetry and spontaneous symmetry breaking, Sym-
metry considerations may therefore provide useful frameworks for
rationalizing the observed phase diagrams. A symmetry basedapproach has the advantage of consider the system as a whole,
taking into account all the relevant degrees of freedom (charge,
occupational, structural or magnetic), and providing speciﬁc and
exact forms of coupling between them. When taken in conjunction
with the Landau theory of phase transitions (in which the transi-
tions are described in terms of irreducible representations of a
common parent phase), that approach may offer an integrate view
of complex phase sequences. But, astonishingly, in the proliﬁc
literature on colossal magnetoresistance manganites, symmetry
considerations are very seldom evoked.
In this work a pure phenomenological symmetry based ap-
proach is explored in order to draw the attention to the fact that
many debated aspects of the physics of the manganites can be
enlightened by simple symmetry considerations. The antipathy
between ferromagnetism and orbital order, the reason why orbital
order favors CE-AFM ground states, the connection between
charge and orbital ordering, or why incommensurate charge order
is expected above the Néel temperature at half-doping compounds
[9–11], are examples of aspects that can be rationalized by fol-
lowing a very general phenomenological analysis that dispenses
assumptions on speciﬁc microscopic mechanisms.2. The competing order parameters
As in most perovskite systems, the tolerance factor plays an
essential role in deﬁning the nature of the critical modes that
destabilize the orthorhombic Pnma parent phase of the Re1xAx
MnO3 manganites. Typical end-members, such as LaMnO3 or
PrMnO3 show insulating ground states with an A-type
Table 1
Possible symmetries for the phases originated from different orientations of the
2-dim irreducible order parameters located at the X-point of the Brillouin zone; η1
and η2 denote the respective components in the real irreducible basis adopted by
ISODISTORT [24]. For each case, the symmetry allowed secondary modes are also
given.
Irrep η ≠ 01 η = 02 η η=1 2 Otherwise
X1 P
m
21 Pnm21 Pm
(Γ +4 ) (Γ −2 ) (Γ +4 , Γ −2 , Γ −3 )
X2 P
c
21 Pna21 Pc
(Γ +4 ) (Γ −2 ) (Γ +4 , Γ −2 , Γ −3 )
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such as Ca2þ , Ba2þ or Sr2þ [12–14], progressively induces addi-
tional instabilities and more complex phase transitions, which
involve changes in magnetic, charge and orbital order, and, in
some cases, metallicity. Although the details may vary from ma-
terial to material, depending systematically on the sizes of the “A
site” ions of the perovskite structure, some general trends can be
identiﬁed.
Orbital order plays a pivotal role. The inclusion of divalent ions
give rise to an imbalance of charge that must be accommodated by
local changes of the valence of the Mn ions (from Mn3þ to Mn4þ).
For half-ﬁlling (x¼1/2), one could expect the existence of two well
developed non-equivalent Mn sub-lattices, which may likely force
the emergence of some kind of long-range order. That is precisely
what happens in several half-ﬁlling systems, such as
La1/2Ca1/2MnO3, Pr1/2Ca1/2MnO3, Nd1/2Sr1/2MnO3, Nd1/2Ca1/2MnO3,
or Pr1/2Sr1/2MnO3 [15–23]. As ﬁrst shown for the prototype case of
La1/2Ca1/2MnO3 [15], the resulting structure corresponds to the
doubling of the orthorhombic unit cell along [1, 0, 0]. The order
parameter that emerges through charge doping corresponds
therefore to a structural instability located at the X-point
[
→
= ( )k , 0, 01
2
] of the Pnma Brillouin zone.
Since there are two 2-dim irreducible representations of the
Pnma group at the X-point, there are two separate possibilities to
consider (see Table 1). For an order parameter that transforms
according to the irrep X1, for instance, the daughter phases may
have the symmetries described by the space groups P
m
21 if η = 02 ,
Pnm21 if η η=1 2, or Pm otherwise (see Fig. 1). Here, η1 and η2 denoteFig. 1. View along the [001] axis of the higher symmetry unit cells induced by an
order parameter that transforms according to the irrep. X1 : (a) parent Pnma phase,
(b) centrosymmetric P21/m (η = 02 ), and polar phase Pnm21 (η η=1 2). For simpli-
city, only Mn displacements are shown. For a more detailed view see [24].the two components of the order parameter deﬁning its orienta-
tion in the irreducible linear space. A given set of symmetry al-
lowed secondary modes can be ascribed to each case. For example,
a scalar homogeneous order parameter ζ of symmetry Γ +4 is
allowed if η = 02 , or a polarization along the z-axis, Pz , trans-
forming as Γ −2 , occurs if η η=1 2. These secondary modes arise
through the symmetry allowed mixed invariants ζ η η( − )12 22 and
η η Pz1 2 , respectively. For a general orientation of the order para-
meter, a polarization along the x-axis, Px (transforming as Γ −3 ) is
also allowed through the higher order invariant η η η η( − )Px1 2 12 22 .
It can be easily seen that the simple charge order pattern with
alternating Mn3þ and Mn4þ ﬁrst proposed by Goodenough [16]
transforms exactly as Γ +4 (see for instance [17]). One can
therefore identify the allowed scalar mode, which we denote by ζ ,
with this charge order process. That is, the charge order is here a
secondary effect of the orbital order, driven by the symmetry al-
lowed coupling invariant ζ η η( − )12 22 .1 Notice that the charge order
disappears if η η=1 2 and the polar group Pnm21 is realized, but it
may coexist with a ferroelectric polarization in the xz-plane if the
orbital order parameter condenses along an arbitrary direction,
and the symmetry of the phase is reduced to Pm. More complex
scenarios of this type have been suggested [25] (in which bond-
centered polarons could coexist with site centered charge order,
leading to the breaking of inversion and to the induction of polar
states). In this context, Pr1xCaxMnO3 has been referred to as a
new paradigm for ferroelectrics [26–28]. But so far, no clear direct
proof of the existence of an electric polarization could be obtained
[29,30].
The simple Mn3þ/Mn4þ charge ordering described by the
Γ +4 mode may not be realized in all half-ﬁlled compounds [21–
23,25]. Quite often [6,19,31] large JahnTeller distortions of the
oxygen octahedra surrounding both sites of inequivalent Mn ions
are observed, and the valence contrast between the sub-lattices is
reduced to 3.5þδ and 3.5δ, with δ not quite close to 0.5. Here,
the eg electron could be partly shared by two Mn3þ , forming a
dimer like state known as a bond-centered Zener polaron [22].
Moreover, the valence contrast could be spatial modulated giving
rise to an incommensurate charge density wave. Such a scenario is,
in fact, quite expectable, since a Lifshitz invariant
η η η η[ ∂ ∂ − ∂ ∂ ]x x/ /1 2 2 1 is allowed by symmetry at the X-point of the
Brillouin zone. As a result, an intermediate incommensurate phase
sandwiched between the paramagnetic Pnma1′ and the com-
mensurate orbital ordered phase must occur within some tem-
perature range. In Pr0.5Ca0.5MnO3, for example, such an inter-
mediate phase is observed, with a temperature dependent1 The von Neumann's principle (a secondary mode must comply with the
symmetry breaking imposed by the primary order parameter) allows us to estab-
lish a hierarchy between different order parameters. Here, the translational sym-
metry group induced by the orbital ordering parameter is a sub-group of the
translational symmetry imposed by the charge order alone. Therefore, it is the
former the primary driven mode.
Fig. 2. View of the unit cell of the CE-AFM phase along [010]. This anti-
ferromagnetic order coexists with charge and orbital order. Different average spins
can be ascribed to the two non-equivalent magnetic Mn sub-latices. For easier
identiﬁcation, the “bridge sites” spins are represented by longer arrows, slightly
tilted towards the c-axis, while the “corner sites” spins are represented by shorter
arrows strictly directed along the a-axis. The mZ1 mode and the mU1þU4þ mode
dominate the spin conﬁguration in the bridge sites and in the corner sites, re-
spectively. The dashed lines identify the ferromagnetic zig-zag chains of spins that
are characteristic of this phase. For clarity, all the atomic displacements and strain
modes allowed by symmetry were erased, with the exception of the displacements
of the Mn4þ ions located at the corner sites (which were assumed to be directed
along the c-axis, as it is observed in La1/2Ca1/2MnO3 [31]). For a more detailed view
of the structure see [24].
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→
= ( − )k , 0, 0inc 12 . Given
the relationship
discussed above between the charge and the orbital ordering
processes, a secondary incommensurate charge density wave
characterized by a wave number
→
k2 inc ε=2 is also to be expected.2
Eventually, in some compounds, the lock-in at the X-point of the
Brillouin zone may not occur, and the orbital and charge order
remain incommensurate, or the temperature range of stability of
the incommensurate phase may be too narrow to be detected. But,
the description of the orbital and charge order processes, either
commensurate or incommensurate, requires only two separate
parameters, one structural and one scalar, located at the points
→
= ( )k , 0, 01
2
and
→
= ( )k 0, 0, 0 of the Brillouin zone, respectively.
Let us consider now the magnetic order parameters. As seen,
the progressive onset of the orbital order state is accompanied by a
modiﬁcation of the magnetic ground state. Near half doping, the
lowest temperature phase is typically insulating, with simulta-
neous charge, orbital and CE type antiferromagnetic order. The
charge/orbital ordering process that sets in at higher temperatures
plays here a crucial role because it is indispensable to the forma-
tion of the new magnetic state.
As shown in Fig. 2, the new CE-type antiferromagnetic order
can be viewed as a set of ferromagnetic zig-zag chains placed in
the ac-plane, antiferromagnetically ordered relative to each other,
with a 4-fold magnetic cell (when referred to the prototype or-
thorhombic structure). The multiple magnetic cell of the novel
phase reﬂects the condensation of a 2-dim primary magnetic or-
der parameter of symmetry + +mU U1 4 (see 3), with compo-
nents ρ ρ( ),1 2 , and a wave vector
→
= ( )k , 0,1
2
1
2
, superposed to a
previously established centrosymmetric commensurate orbital
order P
m
21 (that is, driven by a structural mode X1, see Table 1).4
The commensurate orbital order is essential to ensure both the
existence of two non-equivalent Mn sub-lattices, and the onset of
a secondary 2-dim magnetic mode of symmetry mZ1 at
→
= ( )k 0, 0, 1
2
, which arises through the mixed invariants
η ρ η ρ+z z1 1 1 2 2 2 and η ρ η ρ−z z1 2 1 2 1 2 (with z1 and z2 denoting the
components of the secondary magnetic mode). Such a mode re-
presents in fact an essential ingredient of the new spin conﬁg-
uration, because the CE-AFM order requires a superposition of
both modes, each dominating the spin conﬁguration in separate
sublattices: the + +mU U1 4 mode mainly deﬁning the conﬁg-
uration of the Mn4þ corner sites sub-lattice, and the secondary
mZ1 mode mainly affecting the spin conﬁguration of the Mn3þ
bridge-sites sub-lattice [6,24,31]. The unusual prominence of the
secondary magnetic mode in this latter sub-lattice is consistent
with the large Jahn–Teller distortions that the orbital ordering
process induces in the Mn3þO6 octahedra (in contrast with the
case of the Mn4þO6 octhedra, which remain almost undistorted)
[31]. Notice that in spite of the different dominant propagation
vectors, the spin orders in the two sub-lattices are not in-
dependent of each other. Both sub-lattices order at the same2 Since such an incommensurate order cannot be described by an ordinary
space group, even for a small ε, the reﬁnements of the diffraction data obtained by
using constraints imposed by the space group necessarily lead to reduced average
charge contrasts between the two manganese sub-lattices. It would be interesting,
in this respect, to re-analyse the diffraction data of the so-called “incomplete charge
ordered phase” by considering proper symmetry constraints provided by the su-
perspace formalism, namely by assuming the expected symmetry .
3 The preﬁxmmeans that the irrep is odd under time reversal, as required for a
magnetic order parameter.
4 In some compounds, the lock-in of the orbital order at the X-point of the
Brillouin zone triggers the onset of the CE-type AFM order. In other compounds, the
lock-in of the orbital order at TL and the onset of the magnetic phase at TN occurs at
separate temperatures, but with TNoTL. The orbital order is here an essential in-
gredient of the magnetic order.critical temperature due to the condensation of a single magnetic
primary mode (the + +mU U1 4 mode) superposed to a pre-
viously established orbital order, and the spin orientations in the
two sub-lattices are correlated in such a way that the one di-
mensional ferromagnetic zig-zag chains, characteristic of the CE-
AFM order, are formed (see Fig. 2).3. How orbital order changes the magnetic ground state
The Landau free energy Ansatz related to the condensation of
the different order parameters described in the section above can
be straightforwardly obtained, once their transformation proper-
ties are known. Since the role of the secondary modes amounts to
a mere renormalization of the coefﬁcients of the Landau free en-
ergy, only functionals expressed in terms of the primary order
parameters will be considered. It will be shown that the orbital
and charge order state is not only an essential ingredient of the
novel magnetic ground state, but also that it may actually trigger
the condensation of the magnetic + +mU U1 4 mode, suppressing
at the same time the magnetic instability at the center of the
Brillouin zone.
The free energy of the A-type magnetic order parameter is ra-
ther trivial, since all the magnetic irreducible representations of
the grey group Pnma1′ at the Г-point are one dimensional. The
free energy for this phase is:
= ( − ) + ( )G a T T M bM 1c1
1
2
2 1
4
4
We have denoted the active parameter by M (which may cor-
respond for instance to the Ax-type AFM order), and ignored the
contribution of the corresponding symmetry allowed pseudo
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we will deﬁne reduced free energy and temperature scales =F G1 b
1 ,
and = ( − )t a T T
b
c , in which case (1) becomes = +F tM M1 12
2 1
4
4. In
equilibrium, we have then = −M t2 and = −F t1 4
2
.
For the competing magnetic order parameter (whose compo-
nents transform, as seen, according to the 2-dim physically irre-
ducible representation + +mU U1 4 ), the symmetry allowed in-
variants up to the fourth order give the following energy expan-
sion:
δ ρ ρ ρ ρ ρ ρ
ρ ρ ρ ρ
= ( + )( + ) + ( + ) +
+ ( − ) ( )
F t b c
d 2
2
1
2 1 1
2
2
2 1
4 2 1
4
2
4 1
2 2 1
2
2
2
1
2 2 1 2 1
2
2
2
Here, we have adopted the same reduced energy and tem-
perature scales. The parameter δ1 deﬁnes, in that scale, the tem-
perature at which the quadratic term changes its sign. A δ >01 (or
o0) means that the corresponding magnetic instability occurs at a
lower (or higher) temperature than that of M, which we take as
reference.
The free energy density related with the orbital order para-
meter (η η,1 2) is far more complex. It can be written as:
⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛⎝
⎞
⎠
⎛
⎝
⎜⎜
⎛
⎝
⎞
⎠
⎛
⎝
⎞
⎠
⎞
⎠
⎟⎟
δ η η η η η η
η η η η η η
= ( + )( + ) + ( + ) +
+ ∂
∂
− ∂
∂
+ ∂
∂
+ ∂
∂ ( )
f t b c
d
x x
e
x x 3
3
1
2 2 1
2
2
2 1
4 3 1
2
2
2 2 1
2 3 1
2
2
2
1
2 3 1
2
2
1 1
2
2
2
We have collected again invariant terms up to the fourth order,
including the Lifshitz invariant responsible for the stabilization of
the incommensurate phase. Notice that the relative critical tem-
perature δ2 is expected to be strongly dependent on the charge
ﬁlling x, since the orbital ordering is induced by doping. Finally, we
have to consider the coupling energy for the three order para-
meters, which we take limited to the possible fourth order mixed
invariants:
( ) ( ) ( )
( ) ( )
Δ ρ η ρ η Δ ρ η ρ η Δ η η ρ ρ
Δ η η Δ ρ ρ
= + + + + −
+ + + + ( )
f
M M 4
int 1 1
2
1
2
2
2
2
2
2 1
2
2
2
2
2
1
2
3 1
2
2
2
1 2
4 1
2
2
2 2
5 1
2
2
2 2
Let us now brieﬂy see how the three main phases discussed
above (the incommensurate orbital order and the two higher
symmetry commensurate states listed in Table 1) can emerge from
the energy ∫= + + [ ( ) + ( )]F F F f x f x dxL1 2
1
3 int , where L is the
modulation wavelength. Consider ﬁrst the case of an in-
commensurate phase. Here the components of the order para-
meter η are spatially modulated, and the couplings with the po-
larization and homogeneous charge order are forbidden due to the
breaking of translational invariance. The symmetry of the resulting
incommensurate phase is uniquely determined by the symmetry
of the order parameter, and is described by the centrosymmetric
superspace group α´( )Pnma s ss1 , 0, 0 0 (or γ´( )Pmcn1 0, 0, 000 in the
ISODISTORT [24] setting).
In general, the minimization of the energy of the in-
commensurate phase must follow the usual methodology (see for
instance [32]). However, for the present purpose, one can adopt
the simpliﬁed path of assuming that the modulation is strictly
harmonic, and expressed by the trial solutions η η φ= [ + ]kxcos1
and η η φ= [ + ]kxsin2 . Here, k is the modulation wave vector seen
from the X-point (i.e., the actual wave vector is = −q k1
2
, so that
the lock-in corresponds to the homogeneous phase =k 0). In this
approximation, the energy density becomes:( )
( )
( )
δ η η
η φ φ η η
δ ρ ρ ρ ρ ρ ρ
ρ ρ ρ ρ
Δ η ρ φ ρ φ
Δ η ρ φ ρ φ
Δ η ρ ρ φ φ Δ η
Δ ρ ρ
( ) = + + ( + ) +
+ [ + ] [ + ] + + +
+ ( + )( + ) + ( + ) +
+ ( − ) +
+ [ + ] + [ + ]
+ [ + ] + [ + ] +
+ [ + ] − [ + ] +
+ ( + ) ( )
f x tM M t b
c kx kx dk ek
t b c
d
kx kx
kx kx
kx kx M
M
cos sin
cos sin
sin cos
cos sin
5
inc
1
2
2 1
4
4 1
2 1
2 1
4
4
4 2 2 2 2 2
1
2 2 1
2
2
2 1
4 3 1
4
2
4 1
2 3 1
2
2
2
1
2 3 1 2 1
2
2
2
1
2
1
2 2
2
2 2
2
2
1
2 2
2
2 2
3
2
1 2
2 2
4
2 2
5 1
2
2
2 2
After integration over L, the c-and the Δ −3 terms average out,
leading to the energy:
Δ η δ η η
δ Δ Δ η ρ ρ ρ ρ
ρ ρ ρ ρ ρ ρ Δ ρ ρ
= ( + ) + + ( + + + ) + +
+ ( + + ( + ) )( + ) + ( + )
+ + ( − ) + ( + ) ( )
F t M M t dk ek b
t b
c d M
2
6
inc
1
2 4
2 2 1
4
4 1
2 1
2 2 1
4
4
1
2 2 1 2
2
1
2
2
2 1
4 3 1
4
2
4
1
2 3 1
2
2
2 1
2 3 1 2 1
2
2
2
5 1
2
2
2 2
The transition to the incommensurate phase occurs when the
quadratic term in η vanishes, with k real. Therefore, by imposing
δ+ + + =t dk ek 01 2 , one obtains =
δ
±
− ± − ( + )
k
d d e t
e
4
2
2
1 , δ= −ti de4 1
2
,
and ( ) = −k ti de2 . The free energy of the incommensurate phase
can then be expressed as:
Δ η δ η η
δ Δ Δ η ρ ρ ρ ρ
ρ ρ ρ ρ ρ ρ Δ ρ ρ
= ( + ) + + ( + − ) + +
+ ( + + ( + ) )( + ) + ( + )
+ + ( − ) + ( + ) ( )
F t M M t b
t b
c d M
2
7
inc
d
e
1
2 4
2 2 1
4
4 1
2 1 4
2 1
4
4
1
2 2 1 2
2
1
2
2
2 1
4 3 1
4
2
4
1
2 3 1
2
2
2 1
2 3 1 2 1
2
2
2
5 1
2
2
2 2
2
Here, we have assumed (again for simplicity sake) that the
modulation wave length varies very little with the temperature, so
that ≈ ( )k k ti remains a good approximation for <t ti. An im-
portant conclusion that can be drawn from the above expression is
that the onset of an incommensurate orbital order destabilizes
both magnetic order parametersM and ρ ρ( ),1 2 (by decreasing their
corresponding effective critical temperatures), if the coupling
constants Δ1, Δ2, and Δ4 are positive. This conclusion is in-
dependent of the simplifying assumptions made.
Let us consider now the two higher symmetry commensurate
solutions, with =k 0. One of these corresponds to the commen-
surate orbital order with the polar symmetry ´Pnm2 11 , induced by
a lock-in at the X-point with φ = π
4
(mod. π), ﬁxing the order
parameter orientation η η= = η1 2 2 . The corresponding free energy
Fa is:
Δ η δ η η
δ Δ Δ η ρ ρ
ρ ρ ρ ρ ρ ρ ρ ρ
Δ ρ ρ
= ( + ) + + ( + ) + ( + )
+ ( + + ( + ) )( + ) +
+ ( + ) + + ( − )
+ ( + ) ( )
F t M M t b c
t
b c d
M
2
8
a
1
2 4
2 2 1
4
4 1
2 1
2 1
4
1
2
4
1
2 2 1 2
2
1
2
2
2
1
4 3 1
4
2
4 1
2 3 1
2
2
2 1
2 3 1 2 1
2
2
2
5 1
2
2
2 2
Once again, the same conclusion is achieved. The onset of the
polar phase hinders the magnetic phases, if the coupling constants
Δ1, Δ2, and Δ4 are positive . In such a case, magnetism and fer-
roelectricity tend to avoid each other.
The commensurate orbital and charge ordered state with
symmetry ´P 1
m
21 corresponds to the choice φ = 0 (mod. π) and
η = 02 . For this orientation of the order parameter, the free energy
becomes:
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Δ η δ η η
δ ρ ρ ρ ρ
ρ ρ ρ ρ ρ ρ Δ ρ Δ ρ η
Δ η ρ ρ Δ ρ ρ
= ( + ) + + ( + ) +
+ ( + )( + ) + ( + ) +
+ + ( − ) + +
+ + ( + ) ( )
F t M M t b
t b
c d
M
2
9
b
1
2 4 1
2 2 1
4
4 1
2 1 1
2 1
4 1
4
1
2 2 1
2
2
2 1
4 3 1
4
2
4
1
2 3 1
2
2
2 1
2 3 1 2 1
2
2
2
1 1
2
2 2
2
1
2
3 1
2
1 2 5 1
2
2
2 2
Here, as before, the centrosymmetric orbital order destabilizes
the homogeneous magnetic order parameter M. But the coupling
with the + +mU U1 4 mode is now different. In particular, a new
coupling term Δ η ρ ρ3 12 1 2 arises, expressing the symmetry compat-
ibility between the centrosymmetric orbital state ( ´P 1
m
21 ) and the
phase that this parameter would stabilize by itself. In other words,
in the absence of orbital ordering (i.e., in the case of a direct
transition from the parent phase to the AFM phase driven by the
+ +mU U1 4 mode), the magnetic order parameter would yield a
spin arrangement with symmetry Pa m
21 (see 5), and the charge or-
dered state described by the same parameter ξ [which is also in-
duced by the centrosymmetric orbital order; here, ξ originates
from the mixed invariants ξ λ ρ ρ λ ρ ρ( + ( − )1 1 2 2 12 22 ]. This symmetry
compatibility ( ⊂ ´P P 1a m m
2 21 1 ) is expressed by the existence of an
additional “attractive” interaction term between the two order
parameters, which has the form γη λ ρ ρ λ ρ ρ− ( + ( − ))12 1 1 2 2 12 22 . Here, γ ,
λ1, and λ2 are coupling constants that we take as positive. In par-
ticular, the coefﬁcient Δ3 in (9) is lowered to Δ γλ−3 1. Moreover, the
secondary magnetic mode mZ1, with
→
= ( )k 0, 0, 1
2
, also has a si-
milar effect. Since this mode originates from the trilinear in-
variants λ η ρ η ρ( + )z z3 1 1 1 2 2 2 and λ η ρ η ρ( − )z z4 1 2 1 2 1 2 , its net effect is to
reinforce a negative effective coupling through the additional term
λ λ η ρ ρ− 3 4 12 1 2. As a result the coefﬁcient Δ3 that gauges the intensity
of the coupling term speciﬁc to this particular orientation of the
order parameter is modiﬁed to Δ γλ λ λ− −3 1 3 4, and may become
negative.
Let us now see that, for an effective Δ < 03 in (9), the lock-in of
the orbital order into the centrosymmetric commensurate phase
may sufﬁce to trigger (or at least to favor) the condensation of the
+ +mU U1 4 mode, stabilising in consequence the CE-AFM spin
arrangement. This can be seen in the following way. In equili-
brium, the components of the magnetic mode are found by im-
posing the conditions = =ρ ρ
∂
∂
∂
∂ 0
F Fb b
1 2
. Since close to the magnetic
transition ρ < <( ) 11 2 , one can linearize the resulting equations.
The equilibrium condition lead then to the homogeneous system:
⎡
⎣
⎢
⎢
⎤
⎦
⎥
⎥
⎡
⎣⎢
⎤
⎦⎥
δ Δ Δ η Δ η
Δ η δ Δ Δ η
ρ
ρ
+ + +
+ + +
× =
( )
t M
t M
2 2
2 2
0
10
2 5
2
1 1
2
3 1
2
3 1
2
2 5
2
2 1
2
1
2
Therefore, either the system remains paramagnetic with ρ ρ= = 01 2 ,
or
⎡
⎣
⎢⎢
⎤
⎦
⎥⎥
δ Δ Δ η Δ η
Δ η δ Δ Δ η
+ + +
+ + +
=
t M
t M
det
2 2
2 2
0
2 5
2
1 1
2
3 1
2
3 1
2
2 5
2
2 1
2
if ρ1
and ρ2 become ﬁnite. That is, the magnetic order becomes possible at
=t tN , providing that:
δ Δ Δ Δ δ Δ η
Δ Δ Δ η
( + + ) + ( + )( + + )
+ ( − ) = ( )
t M t M2 2 2
4 0 11
N N2 5
2 2
1 2 2 5
2
1
2
1 2 3
2
1
4
In the absence of orbital order, η = 01 , the condensation of the
magnetic parameter would occur at δ Δ= − ( + )t M2N 2 5 2 . However,
if the effective coupling Δ3 is strong enough to impose a negative
quartic term (i.e., if Δ Δ Δ<4 1 2 32) that dominates over the positive5 The subscript a in the label of the magnetic group means that the time re-
versal operation of the grey group P 121/m11′, {1′ | 0 0 0} is replaced by time re-
versal combined with a shift of π of the magnetic modulation, {1′ | 1/2 0 0}.quadratic term, then the transition temperature can be shifted
towards a higher value by
⎡
⎣⎢
⎤
⎦⎥Δ Δ Δ η= ( + ) + −
Δ Δ Δ
Δ Δ
−
( + )
t 1 1N 1 2 1
2 43
2 1 2
1 2
2 . In other words, the pre-
sence of a centrosymmetric orbital order accompanied by a full
charge order state may favor the condensation of the + +mU U1 4
mode and the stabilization of the CE-AFM phase, in detriment of
the homogeneous magnetic order that prevails in the undoped
systems.4. Conclusion
The phase diagrams in many manganites reveals complex
phases where at least three primary order parameters (two mag-
netic and one structural) compete. The identiﬁcation of the sym-
metry of these primary parameters allows one to establish a uni-
ﬁed picture for the phase transitions observed, and to characterize
the different secondary modes that may arise as secondary effects.
In particular, charge order must be seen as a secondary effect of
the onset of a centrosymmetric orbital order state. Hence, while a
centrosymmetric orbital order induces a full charge order state, an
incommensurate orbital order generates an incommensurate
charge density wave. The conditions under which the same
structural instability may yield a ferroelectric state were also
characterized, along with the possibility of coexistence in complex
phases of charge, orbital order and ferroelectricity. The symme-
tries of the different possible phases, either commensurate or in-
commensurate, were anticipated (and therefore their corre-
sponding ferroic properties fully speciﬁed), making possible a di-
rect contact with experimental results.
The characterization of the coupling between the structural
mode (induced by charge doping) with the two competing pri-
mary magnetic modes has been made within a phenomenological
Ginzburg–Landau theory. The form of that coupling allowed us to
rationalize the progressive destabilization the A-AFM order in fa-
vor of the CE-AFM spin arrangement, in terms of the symmetry,
whenever a centrosymmetric orbital order is established by charge
doping. This main feature of the observed phase diagrams can
therefore be viewed as an expected result of the symmetry of the
parameters involved.Acknowledgments
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